1.
Introduction. All rings considered in this paper are commutative with unit; all subrings and homomorphisms are unital. Consider a surjective ring-homomorphism u:B -• C and a subring A of C. Our interest here is to determine when the pullback
R -u~l(A) -A x c B is an unruly Hilbert domain. (By definition, a ring D is a Hilbert ring if each prime ideal of D is an intersection of maximal ideals of D\
Hilbert rings are also known as Jacobson rings [2] . Following [11] , we say that a Hilbert domain D is unruly if D is non-Noetherian and each maximal ideal of D is finitely generated.) An unruly Hilbert domain was first constructed by Gilmer-Heinzer [9] in response to a question of Geramita. Recently, Mott-Zafrullah [11, Corollaries 6 and 7] used a particular pullback, the D + XE [X] construction with E a field containing D, to provide a family of unruly Hilbert domains. Our main result, Theorem 3, asserts (using the above notation) that R and C are Hilbert rings if and only if A and B are Hilbert rings. As applications, we characterize the Hilbert property for the D + XE[X] construction in Corollary 4 (which generalizes [11, Theorem 5] ); for the D+ (X\,. .., X n )Ds [X\,.. ., X n ] construction (cf. [4] , [6] ) in Corollary 5 (which generalizes [1, Theorem 4.1]); and for the generalized D + M construction (cf. [3] ) in Corollary 6. Some unruly Hilbert domains arising from these constructions are identified in Corollaries 12 and 15. The complexity of characterizing the unruly property for pullbacks is addressed in Example 10.
If D is a ring, the set of prime (resp., maximal) ideals of D is denoted by Spec(D) (resp., Max(D)). Forthe proof of Theorem 3 and the alternate proof sketched in Remark 8, familiarity with gluing techniques, as in [5] , [6] , is assumed. Any unexplained material is standard, as in [2] , [7] .
2.
Results. Let us fix notation as follows: R denotes the pullback R = u~ (A) = Ax c B, where u: B -> C is a surjective ring-homomorphism and A is a subring of C. As usual, we may identify C = B/I, where / = ker(w), and so A -R/I. We first isolate two useful lemmas. Lemma 1 can also be proved directly, using [5, Theorem 1.4(c) and Corollary 1.5(3)].
PROOF. According to [5, Theorem 1.4] , Spec(P) is identified, up to homeomorphism, as a quotient space of the disjoint union of Spec(A) and Spec(P). (In detail, if / C Q G Spec(B), then Q is identified with an A Pi (Q/I).) This homeomorphism entails a similar identification of Spec(P) as a partially ordered set (under inclusion), two consequences of which are the desired assertions, (cf. also [6 (Pp) . Thus, yt £ PHR G P and so, since P is prime, we have y G P.
•
We proceed to characterize the rings of the title. In the proof of Theorem 3 (and several places later), we appeal to the easy fact that any homomorphic image of a Hilbert ring is itself a Hilbert ring: cf. PROOF. Suppose that R and C are Hilbert rings. Since it is a homomorphic image of R, A is also a Hilbert ring. As for B, consider P G Spec(P). If I G P then, since C -B/I is a Hilbert ring, P/l is an intersection of maximal ideals of C, whence P is an intersection of maximal ideals of B. Thus, without loss of generality, I (jL P. Since R is a Hilbert ring, Lemma 1 provides families
P -H M a , and so B is a Hilbert ring. Conversely, suppose that A and B are Hilbert rings. Then so is B/I = C. As for P, consider P G Spec(P). If / C P then, since R/I = A is a Hilbert ring, P/7 is an intersection of maximal ideals of A, and so P is an intersection of maximal ideals of R. Thus, without loss of generality, / <f_ P. By Lemma 1(a), P = Q D R for some (unique) Q G Spec(P). Since B is a Hilbert ring, g = (RM) H (fl W,-), where the maximal ideals being intersected have been labelled so that / <f_ N[ for each / and / C Wj for each j.
Intersecting with R leads to P = (flW H R)) H (fl(W/ H /?)). As noted in Lemma 1, Ni DR G Max(#) for each i, and so it suffices to show that each V, = Wj H Ris an intersection of maximal ideals of R. However, this follows since A is a Hilbert ring; indeed, Vj/I = Ç}(Vj k /I), with {V}*} a family of maximal ideals containing /, entails Vj = f)V jk .
We proceed to three applications of Theorem 3. In the first two of these, we consider polynomial rings in finitely many algebraically independent indeterminates. The restriction to finitely many variables is required by the following facts. [10] .
We begin the applications of Theorem 3 with a generalization of [11, Theorem 5] . The latter result established the "if" assertion of Corollary 4 for the special case in which n -1 and E is a field. *y e ((DM)n(nV;))n*c (f>)n(f>,-) = P CP, the primeness of P yields x G P, as desired.
The remainder of the paper is concerned with finding pullbacks which are unruly Hilbert domains, in the sense of Mott-Zafrullah [11] . In developing this material, we shall find it convenient to defer discussion of the "non-Noetherian" aspect of "unruly" to the corollaries. As in [9] , [11] , the unruly domains that are most accessible have the stronger property that each of their maximal ideals is principal. Proposition 9 studies the impact of assuming that R has this stronger property.
In several proofs below, we need the (easy) fact that the ring-theoretic property of having all maximal ideals being finitely generated (resp., principal) is preserved by homomorphic images. PROPOSITION 
Suppose that each maximal ideal ofR is finitely generated (resp., principal). Then each maximal ideal of A is finitely generated (resp., principal) and, for each N G Max(B) such that I (£ N, N is finitely generated (resp., principal).
PROOF. Since A = R/I is a homomorphic image ofR, the first assertion is immediate. Now, suppose that N G Max(£) satisfies / (£ N. By Lemma 1, M = NHR G Max(/?). By hypothesis, M = ZRzt for some finite (resp., singleton) set {zi}. It suffices to show that N = XBzi. One inclusion is clear. For the reverse inclusion, consider x G N, and choose y G I\N. Since N is maximal, N + By = B, and so n + by -1, for some n G N, b G B. It follows that n e NH(1 +1) C NHR = M, whence n = JLr t Zi for some r t G R. Then x = x(ft + by) = 5kr;z; + xby G X&/ since xby eNHI CM C IBzt.
We next address some of the subtleties of characterizing the unruly property, by showing that the converses of the "finitely generated" and "principal" assertions of Proposition 9 both fail, even for Hilbert domains. 
R is quasilocal and its maximal ideal XL[[X]\ is nonprincipal. This example also shows that the hypothesis that D is not afield is needed for Corollary 12 and also needed for the implication (1) => (2) in Theorem 11.
We close, in Corollary 15, by generalizing the families of unruly Hilbert domains found in [11, Corollaries 6 and 7] . First, we give a result which is set in the context of Corollary 4. (1) Each maximal ideal ofD is principal, E is afield, and n-\;
